ABSTRACT. We determine the twisting Sato-Tate group of the genus 3 hyperelliptic curve y 2 = x 8 − 14x 4 + 1 and show that all possible subgroups of the twisting Sato-Tate group arise as the Sato-Tate group of an explicit twist of y 2 = x 8 − 14x 4 + 1. Furthermore, we prove the generalized Sato-Tate conjecture for the Jacobians of all Q-twists of the curve y 2 = x 8 − 14x 4 + 1.
INTRODUCTION
In this paper, we prove the generalized Sato-Tate conjecture for all Q-twists of the genus 3 hyperelliptic curve y 2 = x 8 − 14x 4 + 1, which corresponds to an isolated point in the moduli space of genus 3 hyperelliptic curves due to its large geometric automorphism group. In doing so, we exhibit a Q-twist of this curve with its full automorphism group defined over Q, and to the authors' knowledge, this is the first example of a curve over Q with Sato-Tate distribution, the distribution of the normalized traces of Frobenius, given by the measure We begin in subsection 1.1 and subsection 1.3 with some background on the generalized Sato-Tate conjecture. We then describe the special properties of the genus 3 curve y 2 = x 8 − 14x 4 + 1 in subsection 1.4, and conclude the introduction by elaborating on our main results in subsection 1.6.
1.1. The generalized Sato-Tate conjecture. Let A be an abelian variety of dimension g defined over Q. The generalized Sato-Tate conjecture predicts that the Haar measure of a certain compact group G, with G ⊂ USp(2g), governs the distribution of the normalized Euler factors L p (A, T ), as p varies over the primes of good reduction of A. The normalized Euler factor at a prime p is the polynomial L p (A, T ) = L p (A, T /p 1/2 ), where L p (A, T ) is the L-polynomial of A at p. Define α i so that L p (A, T ) = 2g i=1 (1 − α i T ). Recall that the L-polynomial has the defining property that for each positive integer n,
(1 − α n i ).
Date: July 27, 2017. The first author was partially supported by National Science Foundation grant DMS-1056703. The second author was supported by a Conacyt fellowship. 1 We now explain what we mean when we say G "governs" the distribution of the Lpolynomials. Serre [Ser12] has defined, using ℓ-adic monodromy groups, a compact real Lie subgroup of USp(2g) called the Sato-Tate group of A, denoted ST(A), satisfying the following condition: for each p at which A has good reduction, there exists a conjugacy class of ST(A) whose characteristic polynomial equals L p (A, T ) := 1.3. Progress on proving the generalized Sato-Tate conjecture. The classical Sato-Tate conjecture is concerned with the case that A is an elliptic curve over Q without CM. Here, g = 1 and ST(A) ∼ = USp(2) ∼ = SU(2). This form of the conjecture was recently proved in culmination of a project several years in the making; see [Ser12, Example 8.1.5.2] for a complete list of references. For elliptic curves E with CM over a general number field K, there are two cases. If E has CM defined over K, then ST(E) ∼ = U(1) where U(1) ֒ → SU(2) via u → u 0 0 u . If E has CM not defined over K, then ST(E) is isomorphic to the normalizer of U(1) in SU(2).
The recent work of Fité, Kedlaya, Rotger, and Sutherland has presented an explicit version of the generalized Sato-Tate conjecture for abelian surfaces over number fields K. The classification in [FKRS12, Table 8 ] gives a description in the form of explicit equations of curves whose Jacobians realized each of the 52 Sato-Tate groups that can and do arise for abelian surfaces. The authors of [FKRS12] also show that only 34 of these arise for Jacobians of genus 2 curves defined over Q. In [FS14] , the authors prove that 18 of these 34 subgroups can be realized as the Sato-Tate group of a Q-twist of either the curve y 2 = x 5 − x or y 2 = x 6 + 1 and that the generalized Sato-Tate conjecture holds for the Jacobians of Q-twists of the aforementioned curves.
For higher dimensional abelian varieties, there have been a few sporadic results which we briefly recall. Fité and Sutherland [FS16] provide effective algorithms to compute the traces of Frobenius at primes of good reduction for the curves y 2 = x 8 + c and y 2 = x 7 − cx and determine the Sato-Tate groups that arise generically and for specific c ∈ Q * . In her thesis [Lor14] , Lorenzo, in joint work with Fité and Sutherland, computed the SatoTate groups and Sato-Tate distributions for Q-twists of the Fermat and Klein quartics and proved Conjecture 1.2 for the Jacobians of these curves. Another result worth mentioning is [FKS16] , where the authors establish a group-theoretic classification of Sato-Tate groups of self-dual motives of weight 3 with rational coefficients and prescribed Hodge numbers.
In this article, we continue the investigation of Sato-Tate in genus 3 by computing the Sato-Tate groups of the Jacobians of Q-twists of the genus 3 curve y 2 = x 8 − 14x 4 + 1 and proving the generalized Sato-Tate conjecture for such twists.
Notation. Throughout, let Q denote a fixed algebraic closure of Q, and let G Q := Gal(Q/Q) denote the absolute Galois group of Q. For any algebraic variety X defined over Q and any extension L/Q, we use X L to denote the algebraic variety obtained over L by the base change of Q ֒ → L. For abelian varieties A and B defined over Q, we write A ∼ L B (resp. A ∼ B) to indicate that there is an isogeny between A and B defined over L (resp. Q).
1.4. An isolated point in the moduli space of genus 3 hyperelliptic curves. Let C 0 denote the hyperelliptic curve y 2 = x 8 − 14x 4 + 1 defined over Q. In this paper, we first compute the twisting Sato-Tate group ST Tw (C 0 ), which is a compact Lie group with the property that the Sato-Tate group of the Jacobian of any twist of C 0 is isomorphic to a subgroup of ST Tw (C 0 ).
In [GSS12, Table 1 ], the authors determine the automorphism groups of genus 3 hyperelliptic curves. The curve C 0 is particularly fascinating, because the geometric automorphism group of C 0 is isomorphic to S 4 × Z/2Z, and, up to Q-isomorphism, C 0 is the unique genus 3 hyperelliptic curve with # Aut((C 0 ) Q ) = 48. Further, we have Jac C 0 ∼ Q E 3 , where E is the non-CM elliptic curve y 2 = x 4 − 14x 2 + 1. Magma computes that Aut(C 0 ) ∼ = (Z/2Z) 3 and that all of the automorphisms of C 0 are defined over Q(ζ 8 ). For computational reasons, we shall primarily work with the Q(ζ 8 )-twist C of C 0 defined by y 2 = x 8 + 14x 4 + 1. We compute that Aut(C) ∼ = D 8 and that all of the automorphisms of C are defined over Q(i). In section 4, we shall determine a twist C ′ of C with its full geometric automorphism group defined over Q. For convenience, we record the defining equations for these three twists:
where the latter curve C ′ lives in the weighted projective space P Q (1, 1, 1, 2) with variables x, y, z of weight 1 and t of weight 2.
Remark 1.5. The family of Q-twists of C is interesting, not only due to the extremal, geometric automorphism group, but also because they are twists of the modular curve X 0 (48); this can be checked with the Magma intrinsic SimplifiedModel(SmallModularCurve(48)); By [BN15] , X 0 (48) is one of two hyperelliptic modular curves whose hyperelliptic involution does not correspond to the Atkin-Lehner involution, and via loc. cit. Theorem 6, the points on X 0 (48) give rise to infinitely many isogeny classes, with maximal size, of elliptic curves over quadratic fields.
1.6. Main results. In this paper, we show that all possible subgroups of the twisting SatoTate group of C 0 (see Definition 2.5) arise as the Sato-Tate groups of twists of C 0 . We also give explicit equations for a representative curve with every such subgroup; see Table 4 . Using this classification, we prove the generalized Sato-Tate conjecture for all Q-twists of C 0 .
3 Theorem A. Let C be a Q-twist of C 0 .
(1) Up to conjugacy in USp(6), there are exactly 9 distinct possibilities for the Sato-Tate group ST(Jac C), and an explicit twist C realizing each Sato-Tate group is given in Table 4. (2) For i = 0, . . . , 6, the a i ( C)(p) are equidistributed on
with respect to a measure µ(a i ( C)) that is uniquely determined by the Sato-Tate group ST(Jac( C)). (3) Conjecture 1.2 holds for C.
We prove Theorem A(1) in section 4.4 after we compute the twisting Sato-Tate group of C in Lemma 3.3. In Propositions 5.6 and 5.13, we compute pushforwards of measures determined by the distinct Sato-Tate groups and establish Theorem A(2). Finally, in Theorem 5.14, we complete the proof of Theorem A(3).
Remark 1.7. In this paper, we give an example of a curve, namely C ′ from (1.4.1), over Q, whose Sato-Tate distribution is given by the measure
where
Although examples of a curve over Q with such a distribution were likely known to the experts, to the authors' knowledge, all previous in print examples of curves with such a distribution were defined over an extension of Q, such as Q( √ −3).
Remark 1.8 (Finding the right twist). An important step in our proof is exhibiting the twist C ′ of C 0 , which has key property that Jac C ′ ∼ E 1 × E 2 × E 3 where E i are non-CM elliptic curves over Q. In [FKRS12, Section 4], the authors introduce twists of the genus 2 curves y 2 = x 5 − x and y 2 = x 6 + 1 whose Jacobians are also isogenous to a product of elliptic curves; however, [FKRS12, Section 4] does not discuss the methods for obtaining such twists. We initially tried to find C ′ using a brute force search over all genus 3 hyperelliptic curves X of the form y 2 = f(x), where f is a degree 8 symmetric polynomial satisfying # Aut(X) = 48. After several overnight computations with no fruitful results, we employed a different approach. Recall that the twists of a curve C are in bijection with the cohomology classes in H 1 (G Q , Aut(C Q )). We first identify our desired twist as a cocycle in H 1 (G Q , Aut(C Q )) and then exploit the fact that H 1 (G Q , Aut(C Q )) also parameterizes automorphisms of Ctorsors. In particular, we can identify the function field of our desired twist using invariant theory on Q(C), and whence we can find a model for C ′ ; see section 4 for details. We found that any C ′ with the desired property is hyperelliptic after base change to Q, but C ′ necessarily does not have a degree 2 map to P 1 Q defined over Q; in particular, our initial brute force search was destined to failure. 1.9. Organization. The outline of this paper is as follows: In section 2, we recall the definition of the algebraic Sato-Tate group [BK15] and the twisting algebraic Sato-Tate group [FS14] . In section 3, we compute the twisting algebraic Sato-Tate group of the curve y 2 = x 8 − 14x 4 + 1. In section 4, we construct our explicit twist of C 0 with all automorphisms defined over Q and use this twist to compute explicit models for all other twists along with the corresponding Sato-Tate groups. Then, in section 5, we prove the generalized Sato-Tate conjecture for all twists of C 0 . In section 6 we compute the moment sequences of all twists of C 0 . In Appendix A we include an application of our classification of twists of C 0 , showing that the only Sato-Tate group of a 3-dimensional abelian variety whose first moment sequence agrees with that of C ′ is SU(2) 3 . Finally, in Appendix B, we give a table summarizing key properties of the twists of C and three tables displaying the first few theoretical and experimental values of the three moment sequences associated to the twists of C.
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BACKGROUND
After specifying our conventions for the matrix groups U(6), Sp(6) and USp(6), we recall the definition of the twisting algebraic Sato-Tate group and of the twisting SatoTate group. Definition 2.1. Set
and for K a field, define
We often omit K when K is clear from context. When K = R is the field of real numbers, we also define
where M H is the Hermitian conjugate of M. We then define USp(6)/R := U(6)/R ∩ Sp(6)/R. Let A be an abelian variety of dimension ≤ 3 defined over Q. Fix an embedding ι : Q ֒ → C and a symplectic basis for the singular homology group H 1 (A top C , Q) where the superscript refers to the underlying topological space. We can use this basis to equip this space with an action of GSp(2g)/Q. For each τ ∈ G Q , define the twisting Lefschetz group by
when A = Jac C for some curve C, we shall often write
Definition 2.2. We define the algebraic Sato-Tate group of A, notated AST(A), as the union
We also define the Sato-Tate group of A, notated ST(A), as a maximal compact subgroup of AST(A) ⊗ Q C; see [BK15, Theorem 6.1, Theorem 6.10].
Remark 2.3. The Sato-Tate group is not invariant under arbitrary twisting, however, it is invariant under quadratic twisting which acts through the hyperelliptic involution; see
In this paper, we shall only be concerned with the case where A = Jac C where C is a genus 3 hyperelliptic curve over Q, and hence we shall notate AST(C) := AST(Jac C) and ST(C) := ST(Jac C). Using the identification of H 1 of the Jacobian with the tangent space to the Jacobian, we may view Aut(C) as a subgroup of GL(H 1 (Jac C top C ), Q). This identification allows us to define the twisting algebraic Sato-Tate group.
Definition 2.4. The twisting algebraic Sato-Tate group of C is the algebraic subgroup of Sp(2g)/Q defined by AST Tw (C) := AST(Jac C) · Aut(C Q ).
Let C be a twist of C, meaning that C is defined over Q and there exists a finite extension
is a well-defined monomorphism of groups. This lemma allows us to define the twisting Sato-Tate group of C.
Definition 2.5. The twisting Sato-Tate group ST Tw (C) of C is a maximal compact subgroup of AST Tw (C) ⊗ C.
Remark 2.6. From [FS14, Lemma 2.3], we have that for any twist C of C, the Sato-Tate group ST(C) is isomorphic to a subgroup of ST Tw (C). Further, the component groups of ST Tw (C) and AST Tw (C) ⊗ C are isomorphic, and the identity components of ST Tw (C) and ST(C) are equal.
We conclude this section with a proposition which informs us as to which subgroups can arise as Sato-Tate groups of twists of a particular curve. First, we recall the following simple but fundamental lemma, describing the action of twisting on the twisting Lefschetz group of a curve.
Lemma 2.7 ([FKRS12, Definition 2.20])
. Let C/Q be a curve and let ξ be a continuous 1-cocycle ξ : G Q → Aut(C Q ). Let C ξ be the twist of C by ξ. For all τ ∈ G Q the following equality holds: 
and let G denote the image of H under the composition
H → ST Tw (C) ։ ST Tw (C)/ ST Tw (C) 0 .
Suppose that the inverse Galois problem for H has a solution. Then there exists a twist
The equality above is to be interpreted as relative to this embedding.
Proof. Recall that twists of C are in bijection with cohomology classes in H 1 (G Q , Aut(C)).
Given that the Galois action on Aut(C) is trivial, a cocycle representing such a cohomology class amounts to a continuous homomorphism ξ :
We shall show that one can take C G to be C ξ , the twist of C corresponding to ξ.
By our construction of C, we know that for all τ ∈ G Q we have
and hence
Therefore, AST(C ξ ), seen as a subgroup of AST Tw (C ξ ) = AST Tw (C), is precisely the union of those connected components that intersect the image of ξ. By construction of ξ, this implies that the group of components of AST(C ξ ) is G. Since ST(C ξ ) is a maximal compact subgroup of AST(C ξ ) ⊗ Q C, we have that 
THE TWISTING ALGEBRAIC SATO-TATE GROUP
The main result of this section is Proposition 3.4, in which we determine the twisting Sato-Tate group for the curve C. In order to compute the twisting Sato-Tate group, we first compute the algebraic Sato-Tate group in Lemma 3.3. To do this, we now compute the decomposition of the Jacobian of C in Lemma 3.1.
Lemma 3.1. The Jacobian of C decomposes as Jac C ∼ (E 1 ) 2 × E 2 where
Proof. By computing curve quotients using Magma's intrinsic
where a ∈ Aut(C), we see that Jac C Q ∼ E 1 × E 2 × E 3 where E 1 , E 2 are defined above and E 3 is some elliptic curve. Since the non-commutative Aut(C) embeds into End(Jac C), we have that End(Jac C) is non-commutative as well, and therefore E 3 is isogenous to either E 1 or E 2 . By considering local zeta functions, we conclude that E 3 ∼ E 1 . The statement that End(Jac C) ⊗ Z Q = M 2 (Q) × Q follows from the curves being non-CM.
Remark 3.2. Recall that as mentioned in subsection 1.4, all automorphisms of C are defined over Q(i). Analogously to [FS14, Lemma 4.2], one can show that the minimal number field over which all the automorphisms of C Q are defined coincides with the minimal number field over which all the endomorphism of (Jac C) Q are defined; since Jac C decomposes up to isogeny as the product of three non-CM elliptic curves, we do not need to invoke any auxiliary results.
Lemma 3.3. We have that
Proof. Since all of the automorphisms of C are defined over Q(i), Remark 3.2 asserts that all of the endomorphisms of Jac C are defined over Q(i). Moreover, the action of G Q on End((Jac C) Q ) must factor through Q(i). To explicitly compute the twisting Lefschetz group, we need to consider how Gal(Q(i)/Q) = δ , where δ denotes complex conjugation, acts on End((Jac C) Q ).
Since the action of Galois will fix the diagonal matrices, one can check (using implicitly our description of End(Jac C) from Lemma 3.1) that Galois acts via  To complete the proof, it suffices to check
We can check these directly from the definition. To compute L(Jac C, id), taking   the condition that γα = αγ implies a 12 = a 13 = a 21 = a 31 = 0. Similarly, taking α to be other block matrices with eight of the blocks equal to 0, and the ninth equal to the identity, we obtain a ij = 0 if i = j and a 11 = a 22 = a 33 , as claimed. The computation for L(Jac C, δ) is analogous, this time using that γ −1 αγ = δ α as α ranges over the matrices with a single nonzero block which is equal to the identity.
Before we compute the twisting Sato-Tate group of C, we introduce the following notation. Let
denote the diagonal embedding of SL(2) inside Sp(6); the image of SU(2) under this embedding will likewise be denoted by SU(2) 3 .
Proposition 3.4. The twisting algebraic Sato-Tate group of C is
and hence the twisting Sato-Tate group of C is
Proof. By Definition 2.4, it suffices to realize the generators of Aut(C Q ) as a subgroup of Sp(6), which we accomplish by computing the action of Aut(C Q ) on Jac C. First, we identify the tangent space to Jac C at the identity with the space of regular differentials, which has basis given by the following differentials:
Using Magma, we compute that Aut(C Q ) = Aut(C Q(i) ) = ι, α 1 , α 2 , where ι is the hyperelliptic involution and α 1 , α 2 are the automorphisms of order 3 and 4 respectively given by
This implies the first statement in the proposition, because − id is already an element of SL(2) 3 . The second statement follows immediately from the first upon noticing that SU(2) is a maximal compact subgroup of SL(2) and it contains − id.
Remark 3.5. For the rest of the paper, we shall consistently use the differentials ω 1 , ω 2 , ω 3 as defined in (3.4.1) as a basis for the tangent space to Jac C at the identity. This choice of coordinates allows us to identify ST Tw (C) with the concrete subgroup of USp(6) given in the statement of Proposition 3.4. The explicit description of ST Tw (C) also enables to compute its group of components, which is easily seen to be isomorphic to the subgroup of GL 3 (Z) generated by
Moreover, we see that ST Tw (C)/ ST Tw (C) 0 is isomorphic to S 4 by sending σ → (143) and τ → (1234). We will find it useful to have one further description of the group of components of ST(C). Notice that σ and τ generate precisely the (octahedral) subgroup O of GL 3 (Z) consisting of signed permutation matrices with positive determinant. Furthermore, the group of all 3 × 3 signed permutation matrices is O ×Z/2Z (where the factor Z/2Z is generated by − id), hence it is isomorphic to S 4 × Z/2Z ∼ = Aut(C Q ). We shall use these identifications to write ST Tw (C)/ ST Tw (C) 0 as an index-2 subgroup of Aut(C Q ), which in turn we can consider as a subgroup of GL 3 (Z).
THE RIGHT TWIST
Given C we now find the twist C ′ with full geometric automorphism group defined over Q and whose Jacobian has connected Sato-Tate group. As described in Remark 4.2, it is not difficult to show C ′ is a twist of C with the desired properties, but we prefer to illustrate how one would look for C ′ in the proof of Proposition 4.1. Proposition 4.1. The curve C ′ in weighted projective space P Q (1, 1, 1, 2) defined by
where the variables x, y, z have weight 1 and t has weight 2 is a twist of C with Aut(C ′ ) ∼ = Aut(C Q ) and for which ST(C) is connected.
Remark 4.2. It is easy to check using Magma's intrinsic AutomorphismGroup that the automorphism group of the twist C ′ is S 4 × Z/2Z, but we write out this proof to illustrate how to find the twist with a prescribed connected component of its Sato-Tate group. In the proof, we show that C ′ corresponds to the cohomology class in H 1 (G Q , Aut(C Q )) of the unique cocycle that factors through Gal (Q(i)/Q) and sends the nontrivial element of this group to the automorphism
Proof. Recall from Lemmas 3.3 and 2.7 that for all σ ∈ G Q , we have
, where
Let ξ : G Q → Aut(C Q ) be a cocycle. We have
So, in order for ST(Jac C ξ ) to be connected, it is necessary and sufficient that π(σ)ξ(σ) −1 be an element of L C (id) for all σ ∈ G Q . Now notice that 
is induced by the automorphism (x, y) → − If we now take ξ = π, formula (4.2.1) shows that
so that AST(Jac C ξ ) is connected. By Definition 2.2, ST(C ξ ) and AST(C ξ ) have the same group of connected components, and hence the Sato-Tate group of C ξ is connected. We now want to compute explicit equations for C ξ . In order to do this, recall that the function field of C ξ can be identified with the set of fixed points for a certain action of G Q on Q(C). More precisely, an element σ ∈ G Q acts on Q(C) = Q(x, y) by the rule
Observe that the three functions
c := i y x 2 are invariant under this Galois action, and we claim that they generate the function field of Q(C ξ ). To show this, it suffices to prove that (after extending the scalars to Q) they generate Q(C) = Q(x, y). This holds because we have
Furthermore, the functions a, b, c satisfy a 2 + b 2 = −4 and c 2 + a 4 + 4a 2 + 16 = 0. By considering these equations in weighted projective space P Q (1, 1, 1, 2), our twist is defined by the equations
where the variables X, Y, and Z have weight 1 and T has weight 2. Since
we have
So, we can realize the model for our curve C ′ as
Replacing (X, Y, Z, T ) by (x, y, z, t) yields the result.
Remark 4.3. This model helps clarify the action of the automorphism group S 4 × Z/2Z. The hyperelliptic involution sends t to −t, while S 4 acts on (x, y, z) through the wellknown isomorphism
that is, an element in S 4 induces a permutation of (x, y, z), followed by a change of sign of some of these three coordinates. Notice that in weighted projective space [x : y : z : t] and [−x : −y : −z : t] are the same point, because t has weight 2 while the others have weight one.
Completing the Proof of Theorem A(1).
In this subsection, we obtain an explicit list of twists of C ′ whose Sato-Tate groups realize all possible subgroups of ST Tw (C ′ ) and prove Theorem A(1). 
Lemma 4.5. Conjugacy classes 2 and 3 from
there exists an element g ∈ USp(6) such that gG 2 g −1 = G 3 . Likewise, conjugacy classes 5 and 6 from Table 4 also correspond to equivalent Sato-Tate groups, that is, the groups
are conjugate in USp(6). All other conjugacy classes give pairwise non-isomorphic Sato-Tate groups.
Proof. First, notice that the last statement is immediate, since Sato-Tate groups that have non-isomorphic component groups correspond to different conjugacy classes. Let
One checks that the equalities gg T = id and g T Jg = J hold for J in Definition 2.1, so that g ∈ USp(6). Furthermore, we have
where by diag 3 (M) denotes the 6 × 6 matrix that is block-diagonal with 3 identical 2 × 2 blocks given by M. This shows that conjugation by g stabilizes SU(2) 3 and sends G 2 to G 3 as claimed. Finally, one checks that
which (combined with the first part of the lemma) easily implies the claim about G 5 and G 6 .
We now combine Lemma 4.5 and Proposition 2.8 to prove Theorem A(1).
Proof of Theorem A(1).
First, observe that the Sato-Tate group of a twist is completely characterized by its group of components, given that the identity component is invariant under twisting. Furthermore, the group of components of any twist is a subgroup of ST Tw (C)/ ST 0 Tw (C) = S 4 . By Proposition 2.8, all the subgroups of S 4 can be realized as the group of components of ST Tw (C ξ ), where C ξ is some twist of C. Here, we are using that there is a solution to the inverse Galois problem for every subgroup of S 4 (as follows, for example from Shafarevich's result that, that every finite solvable group is realizable as a Galois group of a number field [Sha58] ). Since conjugation in S 4 yields equivalent Sato-Tate groups, there are at most 11 non-equivalent Sato-Tate groups of twists. Hence, there are at most 11 Sato-Tate groups arising from the 11 conjugacy classes of S 4 , which we recall in Table 4 . By Lemma 4.5, conjugation in USp(6) reduces this number to 9. Finally, these 9 conjugacy classes correspond to pairwise nonisomorphic Sato-Tate groups, because the normalized trace distributions of these twists are pairwise distinct, as computed in Table 4 .
As in Proposition 4.1, for any subgroup G of S 4 we can compute a twist of C ′ whose Sato-Tate group has group of components isomorphic to G. We now provide another detailed example to illustrate this technique.
A Z/4Z-twist.
We show how to compute a twist of C ′ whose Sato-Tate group has group of components isomorphic to Z/4Z. According to section 4.4, a twist C ξ will have this property precisely if the image of ξ : G Q → Aut(C ′ ) is a cyclic group of order 4, which means that the kernel of ξ defines a degree-4 cyclic extension of Q. Among all such extensions, the one with smallest discriminant is the cyclotomic field Q(ζ), where ζ is a primitive 5 th root of unity. Since we are free to choose ξ, we take ker ξ to be Gal Q/Q(ζ) . To completely describe ξ, we now need to choose an injective homomorphism of Gal (Q(ζ)/Q) into Aut(C ′ ). As a generator of Gal (Q(ζ)/Q), we take the unique automorphism σ of Q(ζ)/Q that sends ζ to ζ 2 , and we define our ξ by requiring that ϕ := ξ(σ) ∈ Aut(C ′ ) acts on the function field Q(C ′ ) as follows:
In order to compute equations for the twist C ξ , simply recall (see for example [Sil09, Chapter X.2]) that the function field Q(C ξ ) is the fixed field of Q(ζ)(C ′ ) under the twisted 14 Galois action given by
We now determine the field of invariants for this action. Clearly t/z 2 is fixed under Galois. For all j ∈ Z we have another invariant function given by
Taking j = 1 and j = 2, we find that the functions u and v given by
are Galois invariants. Since the matrix appearing in this formula is invertible over Q(ζ), the function fields Q(ζ)(u, v, t/z 2 ) and Q(ζ)(x/z, y/z, t/z 2 ) coincide. Hence the curve (defined over Q) whose function field is Q(u, v, t/z 2 ) becomes isomorphic to C ′ over Q(ζ); in other words, we have already found generators for the full field of invariants. Now we just need to find the equations satisfied by u, v and t/z 2 . Defining M to be the 2 × 2 matrix appearing in (4.6.1), we can write
and we know that x/z, y/z and t/z 2 satisfy the two equations
Replacing x/z, y/z by their expressions in terms of u, v and expanding, the previous system becomes
In particular, the first equation defines a conic section with a Q-rational point, so this curve admits a hyperelliptic model over Q; Magma's intrinsic IsHyperelliptic returns the hyperelliptic model
Finally, since quadratic twists do not change the Sato-Tate group of a curve (cf. Remark 2.3), and since √ 5 belongs to Q(ζ), we can further take the quadratic twist by 5 of (4.6.2) without changing either the splitting field of the twist or the group of components of the corresponding Sato-Tate group. Thus, we arrive at the following model for the Z/4Z-twist: 
PROVING SATO-TATE FOR ALL THE TWISTS
The goal of this section is to prove the generalized Sato-Tate conjecture for all twists of C, which will complete the proof of our main theorem Theorem A, by proving Theorem A(3). We accomplish this at the end of the section in Theorem 5.14. To prove this, our method is to observe the equality of the distribution of the a i (A)(p) and the pushforward of the Haar measure µ by Φ i through direct computation. The computation of the distribution of a i (A)(p) as A ranges over the twists of C is done in Proposition 5.11, while the computation of the pushforward of the Haar measure is given in Proposition 5.13.
Before proceeding, we briefly recall the definitions of equidistribution and moment sequences. Let X be a compact topological space equipped with a Radon measure µ. Denote by C(X) the normed space of continuous, complex valued functions f on X with norm given by f := sup x∈X |f(x)|. We say that a sequence {x i } i∈N is equidistributed with respect to µ if for all f ∈ C(X) we have
We restrict our attention to the case where X is an interval. In this case, the n th moment, if it exists, is defined as
Notice, that if the sequence {x i } is equidistributed with respect to the measure µ, we have that the n th moment exists and is equal to µ(ψ n ) where ψ n (x) = x n . In fact a partial converse statement holds. If the n th moment of a sequence {x i } exists for every n ≥ 0, then there exists a unique measure µ such that {x i } is equidistributed with respect to µ (see Remark 2.5 of [Sut16] for details).
We notate the moments associated to the measure µ by E µ [x n ]. For later use, we denote by n * µ the pushforward of µ by the multiplication-by-n map; in particular, if µ is supported on the interval [−a, a], then n * µ is supported on [−na, na]. Further define φ to be the Sato-Tate distribution of a non-CM elliptic curve (which is given by
) and define δ 0 to be the point mass at 0, which we will use in the tables in Appendix B.
Remark 5.1. A straightforward direct computation gives
and by definition we have
Finding the distribution of traces of Frobenius.
Before computing the distribution of a i (A)(p) for all i in subsection 5.7, we first work out the instructive special case when i = 1 in the main result of this subsection, Proposition 5.6. That is, we are looking for the distribution of the normalized trace of Frobenius. Let C ξ be a twist of C ′ corresponding to a twisting cocycle ξ : G Q → Aut(C ′ ). Let E/Q be the elliptic curve y 2 = x 4 − 14x 2 + 1. We know that Jac C ξ is Q-isogenous to 16 E 3 . Moreover, for every prime p we know by [MT10, Proposition 11] that the action of the Frobenius at p on Jac C ξ is given by F p • ξ(Frob p ), where F p is the automorphism of Jac C induced by the Frobenius at p (notice that the Frobenius at p acts on (Jac C) F p ∼ = (Jac C ξ ) F p ). Considering the matrix representation of the automorphisms of the form ξ(Frob p ), we can understand the trace of Frobenius acting on C ξ in terms of the trace of Frobenius for E.
Lemma 5.3. Let ℓ = p be some prime. For each g ∈ Aut(C ′ ), there is a function f g :
whenever ξ(Frob p ) = g. Moreover, f g depends only on the conjugacy class of g in Aut(C ′ ); more precisely, we have
Proof. Notice that the matrix representation of F p has the form A ⊗ id 3 , where A is the 2 × 2 matrix representation of Frob p acting on H 1 et (E F p , Q ℓ ). Also notice that ξ(Frob p ) ∈ GL 6 (Z) is of the form id 2 ⊗Π, with Π a signed permutation matrix: indeed, the action of Frobenius on Jac(C ξ ) permutes the three 1-dimensional factors in the decomposition Jac(C ξ ) Q ∼ E 3 and acts on each of them via an automorphism, which (since E does not have CM) can only be ± id. Since the action of the Frobenius at p on
which proves the lemma. Notice that a signed permutation matrix of order 2 or 4 has trace ±1 (unless it is − id, which has trace −3), while a signed permutation matrix of order 3 or 6 has trace 0. For more details, see also [MT10, Proposition 12].
5.3.1. Further Notation. For simplicity, denote by b p the normalized trace of the Frobenius at p acting on E and by a ξ p the normalized trace of Frob p acting on Jac C ξ . We shall also write
These quantities make sense for all but finitely many primes; let S be the set of bad primes at which either E or C ξ has bad reduction.
We now compute the limiting distribution for the normalized traces of Frobenius a ξ p for the twist C ξ (hence for all the twists, since we haven't made any assumptions about ξ). Let K ξ be the fixed field of the kernel of ξ, that is the minimal extension of Q splitting the twist. By passing to the quotient, ξ induces an isomorphism Gal( 
Proof. We trivially have (for any k ∈ N)
Now observe that f h depends on h only through its conjugacy class in Aut(C ′ ), so a fortiori, it can only depend on h through its conjugacy class in
If D is a conjugacy class in H, then, it makes sense to set f(D, p) := f(h, p) where h is any element of D.
It follows that if we let D be the set of conjugacy classes of H we have 
Proof. By the refined Sato-Tate conjecture for E, which asserts the equidistribution of b p when we restrict to primes p having a given Artin symbol in the extension K ξ /Q 18 (cf. [MM10, Theorem 1]), we know that
as x → ∞. We now apply Chebotarev's theorem, in the form
Dividing equation (5.5.1) by π(x), we find
By summing over D ∈ D and using Lemma 5.4, we deduce
In Proposition 5.6, we compute the limiting distribution of a ξ p over the group of components of a twist C ξ of C ′ , which is H/(H ∩ ι) where H = ξ(G Q ). Notice that in Lemmas 5.4, 5.5, our computations involved the group H not H/(H ∩ ι). We accommodate for this discrepancy below by considering elements of H \ {ι}, not simply H. Using this and Lemma 5.5, we have
if k is odd, the integral over SU(2) vanishes and we obtain 1 π(x) p≤x,p ∈S (a ξ p ) k = 0, which proves (5.6.1) in this case (since M k = 0 for all odd k). If k is even, then the sign in the definition of f D (x) is not important, and we obtain
Thus, we have that
(5.8.1)
Since the π j are determined by Π, which in turn is determined by ξ(Frob p ), this proves the lemma.
As an immediate consequence of the explicit expression for h ξ p (t) given by equation (5.8.1), we also have the following result, which generalizes Lemma 5.3:
Corollary 5.9. There exist polynomials f g,i (x) for i = 0, . . . , 6 and g ∈ Aut(C ′ ) such that the following holds: for every cocycle ξ : G Q → Aut(C ′ ) and every prime p, the normalized characteristic polynomial of the Frobenius at p acting on
Moreover, the polynomials f g,i (x) only depend on g through its conjugacy class in Aut(C ′ ) ∼ = S 4 × Z/2Z ⊂ GL 3 (Z), and are given explicitly as follows:
• f g,0 (x) = f g,6 (x) = 1;
• f g,3 (x) = − 1 3 tr(g) 3 − tr(g 3 ) − 6 det(g) x − x 3 det(g). Here in order to compute the trace and determinant of g we consider it as a 3 × 3 signed permutation matrix.
Remark 5.10. More generally, formula (5.8.1) shows the following: if g ∈ GL 3 (Z) is a signed permutation matrix and A is an arbitrary element of SU(2), then f g,i (tr A) is the i th coefficient of the characteristic polynomial of A ⊗ g.
Since the functions f g,i are clearly continuous, the same argument that leads to Proposition 5.6 shows 
5.12. Completing the Proof. For each of the Sato-Tate groups corresponding to twists of our curve C ′ , we find in Proposition 5.13 the pushforward of the Haar measure along each coefficient of the normalized characteristic polynomial. We conclude our proof of the main Theorem A in Theorem 5.14.
Proposition 5.13. Let G be a subgroup of ST Tw (C) such that G 0 = ST Tw (C) 0 ; let H be the group of components of G, seen as a subgroup of S 4 ⊂ {x ∈ GL 3 (Z) : det x = 1}; let Φ i : G → R for i = 0, . . . , 6 be the map sending g ∈ G to the i th coefficient of the characteristic polynomial of g; let µ be the Haar measure on G. By pushing forward µ along Φ i , we obtain probability measures µ i on R, and we have
where k ≥ 0 and the functions f D,i were defined in Corollary 5.9.
Proof. For every connected component M of G, there is a signed permutation matrix Π M ∈ GL 3 (Z) such that A ∈ SU(2) → A ⊗ Π M ∈ M is a bianalytic bijection between SU(2) and M. Furthermore, one sees that the characteristic polynomial of A ⊗ Π M is determined by A and by Π M . Thus one obtains
where we have set f M,i (x) := f Π M ,i (x) and f g,i (x) is defined in the statement of Corollary 5.9 (notice that we can consider Π M as an element of S 4 × Z/2Z ⊂ GL 3 (Z), see Remark 3.5). We obtain the formula in the statement by grouping together elements that belong to the same conjugacy class in H.
Theorem 5.14. Let C ξ be any twist of C ′ . The generalized Sato-Tate conjecture is true for C ξ .
Proof. Let a ξ i,p be the i th coefficient of the normalized characteristic polynomial of the Frobenius at p acting on Jac C ξ , µ be the Haar measure of ST(C ξ ), and Φ i : ST(C ξ ) → R be the map giving the i th coefficient of the characteristic polynomial of an endomorphism. Propositions 5.11 and 5.13 imply that for i = 0, . . . , 6 the moments of the sequence (a ξ i,p ) p are the same as the moments of the measure Φ i * (µ). This implies that for fixed ξ and i the sequence (a ξ i,p ) p is equidistributed with respect to Φ i * (µ). 
COMPUTING MOMENT SEQUENCES OF TWISTS
Below in Proposition 6.1, we compute the Sato-Tate distribution of the each twist by summing the contribution corresponding to the cycle types over each component in the Sato-Tate group of that twist; the complete list of distributions is given in Table 4 . We also obtain explicit formulas for the moment sequences for the coefficients a i (A)(p) for i = 1, 2, 3 of each twist.
Proposition 6.1. Let C ξ be a twist of C ′ and let G be the component group of ST(C ξ ); for j = 2, 3, 4, let m j be the number of elements in G of order j, µ be the Haar measure of ST(C ξ ). Let Φ i : ST(C ξ ) → R be the map giving the i th coefficient of the characteristic polynomial of an endomorphism; let µ i be the pushforward of µ along Φ i . For n > 0, the moment sequences of µ 1 , µ 2 , and µ 3 are given by:
for n = 0 we trivially have E µ i [x 0 ] = 1 for i = 1, 2, 3.
Remark 6.2. Recall that ST(C ξ ) is a subgroup of SU(6), so the characteristic polynomial of any g ∈ ST(C ξ ) is symmetric, that is, we have Φ i = Φ 6−i and therefore µ i = µ 6−i .
In particular, Proposition 6.1 also gives the moment sequences of the measures µ 4 , µ 5 . Finally, Φ 0 = Φ 6 is the constant function 1, so the moments of µ 0 = µ 6 are all equal to 1.
Proof. Our purpose is to compute, for every n ≥ 0, the integrals
because the total mass of M for the Haar measure of ST(C ξ ) (resp. ST Tw (C)) is 1/|G| (resp. 1/| ST Tw (C)/ ST Tw (C) 0 |), so we will need to account for this rescaling in what follows. Now notice that if σ 1 , σ 2 ∈ S 4 are permutations that index two connected components M 1 , M 2 of ST Tw (C), then M 1 , M 2 are conjugate in ST Tw (C) if and only if σ 1 , σ 2 are conjugate in S 4 , which occurs if and only if σ 1 , σ 2 have the same cycle type. Thus, it suffices to understand the contribution of the five families of connected components, corresponding to the five cycle-types in S 4 .
(1) Identity permutation, M = ST(C ξ ) 0 : In this case, we have Π M = id 3 , the 3 × 3 identity matrix. In order to employ the formulas from Corollary 5.9, we first compute that det(Π M ) = 1 and tr(Π M ) = tr(Π 2 M ) = tr(Π 3 M ) = 3. We obtain f Π M ,1 (x) = 3x, f Π M ,2 (x) = 3 + 3x 2 , and f Π M ,3 (x) = −x 3 − 6x, that is, the equalities (− tr(A) 3 − 6 tr(A)) n dµ SU(2) (A) = E φ (−1) n (x 3 + 6x) n = E φ (x 3 + 6x) n ,
